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Abstract—We approach linearly constrained convex optimiza-
tion problems through their dual reformulation. Specifically,
we derive a family of accelerated dual algorithms by adopting
a variational perspective in which the dual function of the
problem represents the scaled potential energy of a synthetic
mechanical system, and the kinetic energy is defined by the
Bregman divergence induced by the dual velocity flow. Through
application of Hamilton’s principle, we derive a continuous-time
dynamical system which exponentially converges to the saddle
point of the Lagrangian. Moreover, this dynamical system only
admits a stable discretization through accelerated higher-order
gradient methods, which precisely corresponds to accelerated
dual mirror ascent. In particular, we obtain a discrete-time
convergence rate of O(1/kp), where p−1 is the truncation index
of the Taylor expansion of the dual function. For practicality sake,
we consider p = 2 and p = 3 only, respectively corresponding
to dual Nesterov acceleration and a dual variant of Nesterov’s
cubic regularized Newton method. This analysis provides an
explanation from whence dual acceleration arises from the
discretization of the Euler-Lagrange dynamics associated with the
constrained convex program. We demonstrate the performance
of the aforementioned continuous-time framework via numerical
simulations and evaluate the proposed discrete-time methods on
a linear model predictive control problem.

I. INTRODUCTION

Underlying many recent technological advances in artificial
intelligence [1], smart devices [2], robotics [3], and wireless
communications [4], is the mathematical theory of optimiza-
tion. Our particular focus is on convex optimization prob-
lems with affine constraints, which apply to these respective
contexts in the form of large-scale supervised learning [5],
cooperative control [6], and wireless routing [7]. In such
settings, obtaining a closed-form solution of the problem is not
possible and, hence, numerical optimization schemes must be
used. Our goal is to derive fast yet efficient iterative methods
for linearly constrained convex programming, i.e., problems
of the form

min
x∈Rn

f(x) s.t. Ax = b, (1)

where f is convex, n is possibly large, and the linear con-
straints may represent, for instance, consensus [8] or network
flow constraints [7], [9].

In the development of iterative numerical methods for
constrained convex problems, there is a fundamental trade-
off between computational efficiency and the rate at which
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we attain optimality. On the one hand, with no regard for
computation cost, when the objective is strongly convex, one
may apply Newton’s method, which uses the second-derivative
information and exhibits quadratic and/or super-linear con-
vergence under proper initialization [10]. Newton’s method
requires evaluation of the Hessian inverse of the objective at
each step, whose complexity is cubic in the decision variable
dimension. In the case of large-scale supervised learning [5],
for instance, this complexity is prohibitively costly. Quasi-
Newton schemes approximate this Hessian inverse computa-
tion and, in some cases, achieve comparable behavior to their
exact second-order counterparts [11], [12].

On the other hand, first-order methods are popular due
to their ease of implementation, low complexity, and robust
albeit sublinear1 O(1/k) convergence [13] (linear convergence
O(ρk), 0 ≤ ρ < 1 when the objective is strongly convex).
Accelerated variants of gradient methods, which introduce
auxiliary sequences based on recursive averages, have gained
popularity due to their ability to improve convergence in the
weakly convex case to O(1/k2) with comparable complexity
[14].

Adaptations of acceleration have been proposed to con-
strained problems in the primal domain for special cases [15],
as well as primal-dual schemes [16]–[18], and proximal dual
approaches [7], [19], [20], which reach at least Nesterov’s
O(1/k2) rate, but all require strong convexity. It is worth
remarking that, when the objective is strongly convex, linear
rates are achievable by first-order primal methods in the
unconstrained setting. Unfortunately, such favorable behavior
does not easily carry over to the constrained case.

Given that linear convergence remains elusive for first-
order dual methods for constrained problems, even with strong
convexity, we ask the following question: is Nesterov’s opti-
mal rate O(1/k2) realizable by first-order accelerated dual
methods for constrained problems without strong convexity?
The contribution of this work is an affirmative answer, based
on extending a recently discovered connection between La-
grangian mechanics and accelerated mirror descent methods
[21] to dual approaches for constrained optimization (Section
III). [21] considers primal methods for unconstrained convex
programming, whereas our focus is on dual reformulations of
linearly constrained convex problems.

In extending the connection between accelerated methods
and Lagrangian mechanics, put forth in [21], to dual methods
for constrained problems, we attain exponential convergence
in continuous time for strongly convex smooth objectives, and
O(1/k2) rate for discrete-time algorithms for objectives that
are neither strongly convex nor differentiable. Moreover, we

1Throughout the paper, k counts the number of iterations.



provide a rigorous explanation from whence dual acceleration
comes as the stable discretization of a certain continuous-time
Euler-Lagrange equation (Section IV), rather than a heuristic
reference to adding “momentum” into an optimization scheme.
In Section V, we illustrate that favorable convergence behavior
translates well into practice via applications in continuous time
to a synthetic example (Section V-A), as well as in discrete-
time for a linear model predictive control problem (Section
V-B).

Part of the results in this paper appeared as [22]. However,
in this version, we include the proofs and provide additional
numerical evaluation on a model predictive control task, which
validates our theoretical results on practical problems.

II. LINEARLY CONSTRAINED CONVEX OPTIMIZATION

A. Notation and preliminaries

Let R, R+, and R++ be the set of real, nonnegative, and
positive numbers. We denote by Rn×m and Sn the space
of real n × m and symmetric n × n matrices, respectively.
We denote the minimum and maximum singular values of
A ∈ Rn×m as σmin(A) and σmax(A), respectively. The
indicator function IX : Rn → R∪{+∞} of a closed nonempty
convex set X ⊂ Rn is defined as IX (x) = 0 if x ∈ X , and
IX (x) = +∞ otherwise. Let f : Rn → R∪{+∞} be a closed
proper function. The effective domain of f is denoted by
dom(f) = {x ∈ Rn : f(x) <∞}. A differentiable function f
is (strongly) convex if and only if it satisfies

∇f(x)>(y − x) + mf

2
‖y − x‖22 + f(x) ≤ f(y), (2)

for all x, y ∈ dom(f). The parameter mf ≥ 0 quantifies the
minimum curvature of f . A differentiable function f whose
gradient is Lipschitz continuous with parameter 0 ≤ Lf <∞
satisfies

f(y) ≤ f(x) +∇f(x)>(y − x) + Lf
2
‖y − x‖22, (3)

for all x, y ∈ dom(f). The parameter Lf quantifies the
maximum curvature of f . We denote by F(mf , Lf ) the class
of continuously differentiable functions satisfying both (2) and
(3). Note that in this class, it must hold that mf ≤ Lf . We de-
fine the condition number of f ∈ F(mf , Lf ) as κf = Lf/mf .
For the class F(mf , Lf ), the case mf = 0 corresponds to
weakly convex functions, and the case Lf = ∞ corresponds
to nondifferentiable convex functions. For g ∈ F(0,∞), we
denote ∂g as the subdifferential of g, which is defined as

∂g(x) = {γ ∈ dom(g) : g(x) + γ>(y − x) ≤ g(y)}. (4)

The indicator function IX (x) of a closed, nonempty, and
convex set X ⊂ Rn belongs to the class F(0,∞). Finally,
if f ∈ F(mf , Lf ) is twice continuously differentiable, its
Hessian satisfies mfIn � ∇2f(x) � LfIn.

B. Problem Statement

Consider the following convex optimization problem,

p? = minimizex∈Rnf(x), s.t. Ax = b, (5)

where f(x) : Rn ∪ {+∞} → R is convex and possibly real
extended-valued. We assume that the system of equations
Ax = b has infinitely many solutions; hence, the problem (5)
is feasible and nontrivial. Note that this assumption includes
the possibility of A not being full row rank. We further assume
that the optimal p? is finite. Finally, we may allow the decision
variable x to be constrained to a nonempty “simple” convex
set X ⊂ Rn, onto which projection can be easily performed.
In this case, we may replace the objective function f in (5)
with the non-smooth function f(x) + IX (x).

We turn to reformulating (5) in terms of its dual problem. To
do so, define the Lagrangian function L(x, λ) : Rn×Rm → R
associated with the problem (5) as

L(x, λ) = f(x) + λ>(Ax− b), (6)

where λ ∈ Rm is the vector of Lagrange multipliers. Notice
that the Lagrangian is convex in x and concave (affine) in λ.
Further define the dual function d(λ) : Rm → R as

d(λ) = inf
x∈Rn

L(x, λ). (7)

The dual problem is then to maximize the dual function (7)
with respect to λ,

d? = sup
λ∈Rm

d(λ) = sup
λ∈Rm

inf
x∈Rn

L(x, λ). (8)

Since the primal problem (5) is convex and feasible, the
Slater’s condition holds [23], resulting in zero duality gap, i.e.,
d? = p?. Thus, there is no loss of optimality by approaching
the problem by its dual reformulation. Next, we adopt a
mechanics perspective in order to derive an exponentially
convergent solution to (8) in continuous time.

III. DUAL OPTIMIZATION AS LAGRANGIAN MECHANICS

We now shift our focus to derive a solution to (8) in
continuous time, using a variational approach.

A. Bregman Lagrangian and Hamilton’s Principle

We begin by equipping the dual domain Rm with a continu-
ously differentiable convex function ψ : Rm → R that satisfies
‖∇ψ(λ)‖ → ∞ as ‖λ‖ → ∞, from which we can define a
measure of distance in Rm using the Bregman divergence, i.e.,
for λ, ν ∈ Rm,

Dψ(ν, λ) = ψ(ν)− ψ(λ)−∇ψ(λ)>(ν − λ) . (9)

Observe that a special case of ψ is the Euclidean distance,
ψ(·) = 1

2‖ · ‖
2
2. We denote xt ∈ Rn and λt ∈ Rm as curves

parameterized by a continuous time index t ∈ T = [t0, tf ) ⊆
R+.

As in [21], we identify the kinetic energy of a synthetic
mechanical system associated with the optimization problem
(8) as the Bregman divergence between the position vector
and its perturbation by the velocity vector with an appropriate
scaling, i.e., Dψ(λ+ e−αt λ̇, λ). Further, the potential energy
is the objective to be minimized, which for dual algorithms is
the negative of the dual function −d(λ) in (7). Thus, we may



consider the Bregman Lagrangian as the following weighted
Lagrangian of the synthetic mechanical system,

L(λ, λ̇, t) = eαt+γt
(
Dψ(λ+ e−αt λ̇, λ) + eβtd(λ)

)
, (10)

where αt, γt, βt : T→ R are smooth functions of time t ∈ T.
By applying Hamilton’s Principle (see [24] for details) to (10),
it turns out that the ideal scaling conditions

β̇t ≤ γ̇t = eαt (11)

are required for stability, and simplify the analysis greatly [21].
Hamilton’s principle states that minimizing the action func-
tional J [λ] =

∫
T L(λt, λ̇t, t)dt amounts to finding trajectories

λt that satisfy the Euler-Lagrange equations,

∂L
∂λt

(λt, λ̇t, t)−
d

dt

∂L
∂λ̇t

(λt, λ̇t, t) = 0. (12)

By using (10) in (12), we find that the Euler-Lagrange equa-
tions associated with the Bregman Lagrangian (10) involve the
gradient of the dual function, which requires continuous dif-
ferentiability of d(λ) in order to exist. Note that, by Danskin’s
theorem [25], the sub-differential of the dual function is given
by

∂d(λ) := {Ax(λ)− b : x(λ) ∈ argmin
x∈Rn

L(x, λ)} , (13)

which may not be a singleton, since x(λ) is not necessarily
unique. However, we will establish in Lemma 1 that, the
following smoothness condition on the primal objective f(x)
is sufficient for the dual function to be continuously differ-
entiable, and will make the evaluation of the Euler-Lagrange
equation in (12) possible.

Assumption 1 (Strong Convexity) The objective function
f(x) is twice continuously differentiable and belongs to the
class F(mf , Lf ) for some 0 < mf ≤ Lf <∞.

The strong convexity of x 7→ f(x) implies the strong convex-
ity of x 7→ L(x, λ), which further implies that the Lagrangian
minimizer x(λ) [cf. (13)] is unique for each λ. Uniqueness
of x(λ) implies that the sub-differential of the dual function
is a singleton, i.e., the dual function is differentiable. More
formally, we prove the following smoothness properties for
the dual function.

Lemma 1 Under Assumption 1, the dual function d(λ), de-
fined in (7), satisfies −d(λ) ∈ F(md, Ld) with md =
σ2
min(A)/Lf and Ld = σ2

max(A)/mf . Further, the gradient
and Hessian of the dual function are given by

∇d(λ) = Ax(λ)− b, (14a)

∇2d(λ) = −A[∇2f(x(λ))]−1A>. (14b)

Proof: See Appendix VII-A. �

Under Assumption 1, we can simplify the partial differential
equation (PDE) in (12) to a dynamical system involving the
gradient of the dual function, as we state next.

Proposition 1 Consider the Lagrangian mechanical system
defined by the Bregman Lagrangian in (10) under the ideal

scaling conditions (11). Then, under Assumption 1, the Euler-
Lagrange equation in (12) for trajectories λt that minimizes
the action functional J [λ] =

∫
T L(λt, λ̇t, t)dt is equivalent to

the following ordinary differential equation (ODE),

λ̈t + (eαt − α̇t)λ̇t (15)

− e2αt+βt [∇2ψ(λt + e−αt λ̇t)]
−1∇d(λt) = 0 ,

which can be equivalently stated, without inverting the Hessian
in (15), as

d

dt
∇ψ(λt + e−αt λ̇t) = eαt+βt∇d(λt). (16)

The Euler-Lagrange equations in Proposition 1 are derived
by applying Hamilton’s Principle for trajectories λt in the dual
domain Rm. It is unclear, however, what role such trajectories
play in solving the optimization problem in (5). In Subsection
III-C, we develop another dynamical system in the primal
domain, coupled to the Euler-Lagrange equations (16), which
yield solutions that converge at a specified rate to a saddle
point of the Lagrangian in (6). But first, we study the Lyapunov
stability of (16).

B. Lyapunov Stability Analysis

We now study the convergence properties of the dynamical
system given in Proposition 1. First, we present a lemma
regarding the evolution of the dual sub-optimality, which will
be used to develop a continuous-time accelerated method in
the dual domain.

Lemma 2 Consider the Euler-Lagrange dynamics in (16)
under the ideal scaling conditions in (11) with initialization
λ0, λ̇0 ∈ Rm. Then, under Assumption 1, the dual sub-
optimality satisfies

mf

2σ2
max(A)

‖∇d(λt)‖22 ≤ d(λ∗)− d(λt) ≤ O(e−βt) , (17)

where the proper selection of the scalar real-valued function βt
determines the rate of convergence. Further, if Lf/σmin(A) <
∞, the optimal λ? is unique and we have that

‖λt − λ?‖22 ≤
2Lf

σ2
min(A)

O(e−βt). (18)

Proof: See Appendix VII-B. �

Lemma 2, which builds upon the results of Theorem 2.1
in [21], establishes a bound on the suboptimality gap evalu-
ated along trajectories satisfying the Euler-Lagrange equations
given in (16). In particular, for βt = ct, c > 0, this gap
vanishes exponentially fast.

C. Evolution of Lagrangian Minimizers

To evaluate the dual gradient ∇d(λt) = Ax(λt)− b in the
Euler-Lagrange ODE in (16), we need to continuously eval-
uate the Lagrangian minimizer x(λt) = argminx L(x, λt).
As we show below, the smoothness of f(x) allows us to
continuously compute this minimizer without performing the
minimization all the time, under appropriate initialization. That



is, by applying the chain rule to the dual feasibility identity
∇xL(x(λ), λ) = 0 and rearranging terms, we obtain

d

dλ>
x(λ) = −[∇2f(x(λ))]−1A>, (19)

where [ d
dλ>

x(λ)]ij = d
dλj

xi(λ). Notice that this last result
requires f(x) to be twice continuously differentiable with an
invertible Hessian (Assumption 1). Given the time evolution
of λt, xt = x(λt) obeys the ODE

d

dt
x(λt) =

[ d

dλ>t
x(λt)

] d
dt
λt, (20)

with initial condition x0 = x(λ0) = argminx∈Rn L(x, λ0).
Combining the expressions in (20) and (19) along with (16)
yields the following continuous-time dynamical system,

∇̇ψ(λt + e−αt λ̇t) = eαt+βt(Axt − b), (21a)

ẋt = −[∇2f(xt)]
−1A>λ̇t. (21b)

The states of (21) are λt, λ̇t and xt. Intuitively, the first
ODE (21a) executes an accelerated gradient flow on the dual
function, while the second ODE (21b) maintains the dual
feasibility ∇xL(xt, λt) = 0 all the time.

Next, we prove that the dynamical system defined in (21)
converges to the saddle point of the Lagrangian and, hence,
solves (5) at an exponential rate (depending on the choice of
βt–see Section IV).

Theorem 1 Under Assumption 1 and the ideal scaling con-
ditions in (11) , the primal-dual flow (xt, λt) defined by the
dynamical system (21) with initialization λ0, λ̇0 ∈ Rm, x0 =
argminx L(x, λ0) satisfies

mf

2σ2
max(A)

‖Axt − b‖22 ≤ L(x∗, λ∗)− L(xt, λt) ≤ O
(
e−βt

)
.

(22)

Proof: See Appendix VII-C. �

Theorem 1 establishes that the dynamical system (21) yields
solutions that converge to the saddle point of the Lagrangian,
possibly exponentially fast, depending on the selection of the
scalar-valued function βt. The solutions are dual feasible all
the time. However, primal feasibility is achieved exponentially
fast, and requires strong convexity of the primal objective
function–see the left inequality in (22).

D. Parameter Selection
To achieve exponential convergence, one may set βt =

ct, c > 0 in (21), and set the other parameters accordingly
to satisfy the ideal scaling in (11), which were used to derive
the Euler-Lagrange PDE. This rate is valid for the case that
the primal objective is twice-continuously differentiable and
strongly convex (Assumption 1).

Alternatively, one can consider the choice of a logarithmic
(polynomial) scaling, such as, eαt = p/t, eβt = Ctp, eγt =
tp, p > 0, with C > 0 being an arbitrary positive scalar. In
this case, the Euler-Lagrange ODE in (15) simplifies to

λ̈t +
p+ 1

t
λ̇t−Cp2t(p−2)

(
∇2ψ(λt+

t

p
λ̇t)

)−1
∇d(λt)=0.

(23)

Using Lemma 2, one can easily show that (23) attains a poly-
nomial convergence rate O(1/tp). The question then becomes:
which discretization of (15) remains stable while converging
as fast as possible? We now shift our focus to this question.

We remark that the discretization process of the ODE in (21)
is not trivial, and not any selection of αt, βt, and γt satisfying
the ideal scaling (11) stably preserves the convergence rate.
Since the discretization is simpler for the polynomial scaling
case, i.e., discretizing the polynomial Euler-Lagrange ODE
in (23), we henceforth focus on this parameter selection.
Further, the discretized scheme no longer requires a continuous
evaluation of the dual gradient; therefore, we can relax the
smoothness conditions in Assumption 1, so as to encompass
a broader category of linearly constrained problems.

IV. DISCRETE-TIME DUAL ACCELERATION

In this section, we consider the discretization of Euler-
Lagrange in (21) with polynomial parameter selection–see
(23). In [21], a rate-matching discretization scheme relying
on higher-order gradient methods to stably discretize the
polynomial Eluer-Lagrange ODE in (23) is proposed. This
scheme requires the evaluation of the first p− 1 derivatives of
the dual function d(λ), along with Lipschitz continuity of the
(p − 1)-th derivative to obtain an O(1/kp) convergence rate,
where k is the discrete iteration index counting the number of
dual updates. Explicity, the accelerated higher-order gradient
method performs the following updates for minimizing the
convex function −d(λ) over Rm: start with λ0 = µ−1 ∈ Rm
and define the following iterative sequences,

νk = argminν∈Rm {−dp−1(ν;λk) +
NLp−1
p!

‖ν − λk‖p} ,

µk=argminµ∈Rm{−Cpk(p−1)∇d(νk)>µ+
Lp−1
(p−1)!

Dψ(µ,µk−1)} ,

λk+1 =
p

k + p
µk+

k

k + p
νk , (24)

where dp−1(ν;λk) is the (p−1)-th order Taylor expansion of
d(ν) around λk. Further, k(p−1) = k(k+1) · · · (k+p−2) is the
rising factorial; C ≤ (N2 − 1)

p−2
2 ((2N)p−1pp) is a positive

scalar which arises in the polynomial scaling (23); Dψ(·, ·) is
the Bregman divergence (9); N > 1 is arbitrary; and Lp−1 > 0
is the Lipschitz constant of the p− 1-th derivative of d(λ).

The first update is a higher-order dual gradient step at λk
to generate the auxiliary dual variable νk ∈ Rm, whose update
depends on the truncated Taylor expansion dp−1(ν;λk) of the
dual function–special instances are discussed in the following
subsections. The second step resembles a dual mirror ascent
step, generating an auxiliary sequence µk ∈ Rm in which the
dual gradient is computed at νk (rather than µk−1 in standard
dual ascent). Finally, we consider the update of the actual
Lagrange multiplier λk+1 as a convex combination of the dual
auxiliary sequences νk and µk.

The iteration in (24) represents the discrete-time counter
part of the ODE (23), and exhibits an O(1/kp) converges rate
[21, §3.4]. Hypothetically, one may achieve faster convergence
by increasing p in (24), at the expense of requiring higher-
order gradient information about the dual function. Since this



information is precluded from use in practical settings, we
restrict our focus to p = 2 and p = 3, corresponding to dual
variants of Nesterov acceleration [14] and cubic regularized
Newton’s method [26], [27].

A. Accelerated Method of Multipliers: p = 2

Specialized to the case p = 2, the implementation of (24)
requires the dual function to be continuously differentiable
with a Lipschitz gradient. Assumption 1 is too strong for these
regularity requirements, according to Lemma 1. We could still
satisfy these conditions under a less restrictive assumption;
that is, we may relax the requirement of strong convexity and
smoothness of f(x) by adopting an augmented Lagrangian
approach. To do so, we define the augmented Lagrangian as

Lρ(x, λ) = f(x) + λ>(Ax− b) + ρ

2
‖Ax− b‖2 , (25)

where ρ > 0 is arbitrary. Notice that the quadratic term
is zero on the feasible set and, hence, does not alter the
saddle points. For a fixed λ, the Lagrangian minimizer
x(λ) = argminLρ(x, λ) is no longer unique, opening the
possibility for the dual function to be non-differentiable –
see (13). However, as we show next, the quadratic penalty
term in (25) renders a continuously differentiable dual function
d(λ) = minx Lρ(x, λ) with a Lipschitz gradient, under less
restrictive Assumptions on f(x).

Lemma 3 Assume that f(x) belongs to the class F(0, Lf )
with 0 < Lf ≤ ∞. Then, the dual function d(λ) associ-
ated with the augmented Lagrangian (25) satisfies −d(λ) ∈
F(md, Ld), where the parameters of strong concavity and
Lipschitz continuity are given by

md =
σ2
min(A)

2ρσ2
min(A) + Lf

, Ld =
2ρσ2

min(A) + Lf
ρ2σ2

min(A) + ρLf
. (26)

Proof: See Appendix VII-D. �

We can make several observations from Lemma 3. First,
Lagrangian augmentation admits a Lipschitz dual gradient,
even if the primal objective function is not strongly convex
[cf. Lemma 1]. Intuitively, the penalty term induces favorable
curvature profiles of strong convexity onto weakly convex
functions2. Second, when the primal objective function is
continuously differentiable and the matrix A is full row rank
(so that Lf < ∞ and σ2

min(A) > 0), the dual function
becomes strongly concave. Finally, when the primal objective
is nonsmooth (i.e., when Lf =∞), the dual function becomes
continuously differentiable with 1/ρ-Lipschitz gradient, which
is relatively well-known (see, e.g. [28]).

In the following, we focus on the case in which f is non-
differentiable (Lf =∞), which admits a weakly concave dual
function (md = 0). We substitute the linearization of the dual
function,

d1(λ;λk) = d(λk) +∇d(λk)>(λ− λk), (27)

into (24). The resulting accelerated variation of the method of
multipliers (AMM) is summarized in Algorithm 1. Observe

2Notice, however, that the augmented Lagrangian is not strongly convex
despite adding the quadratic term.

Algorithm 1 p = 2: Accelerated Method of Multipliers

Require: Augmented Lagrangian Lρ(x, λ) (see (25)), scaling pa-
rameters C and N such that C ≤ 1/(8N), N > 1, augmentation
constant ρ > 0 (determines algorithm step-size).
initialize primal x0 ∈ Rn, dual variables λ0 = µ−1 ∈ Rm
for k = 0, 1, 2, . . . do

Compute primal minimizer,

xk+1 ∈ argmin
x∈Rn

Lρ(x, λk). (28a)

Evaluate dual gradient,

∇d(λk) = Axk+1 − b. (28b)

Compute dual ascent step,

νk = argmin
ν∈Rm

{−∇d(λk)>(ν − λk)+ N
2ρ
‖ν−λk‖2}. (28c)

Compute auxiliary minimizer,

yk+1 ∈ argmin
y∈Rn

Lρ(y, νk). (28d)

Evaluate dual gradient,

∇d(νk) = Ayk+1 − b. (28e)

Execute mirror ascent w.r.t. Bregman divergence Dψ ,

µk = argmin
µ∈Rm

{−2Ck∇d(νk)>µ+
1

ρ
Dψ(µ,µk−1)}. (28f)

Update multiplier λk+1 as weighted avg. of aux. vars. νk, µk,

λk+1 =
2

k + 2
µk+

k

k + 2
νk. (28g)

end for

that we have d(λk) = L(x(λk), λk) and ∇d(λk) = Ax(λk)−
b. Therefore, for evaluating the dual function and its gradient at
λk in (27), an exact minimization x(λk) ∈ argminx Lρ(x, λk)
is required. We now establish the convergence of dual accel-
erated methods at Nesterov’s optimal O(1/k2) without strong
convexity.

Theorem 2 (Accelerated Method of Multipliers) Consider
the optimization problem in (5) with f ∈ F(0,∞) and the
corresponding augmented Lagrangian (25). Then, the primal
sequence {yk}k≥0 and the dual sequence {νk}k≥0 obtained
from Algorithm 1 satisfy

ρ

2
‖Ayk+1 − b‖22 ≤ p? − d(νk) ≤ O(

1

ρk2
). (29)

Proof: The proof of the right inequality follows from Corol-
lary 3.5 in [21] with the negative of the dual function,
−d(λ) ∈ F(0, 1/ρ), used as the convex objective function
to be minimized. The left inequality follows from Lipschitz
continuity of the dual gradient with parameter ρ−1. More
precisely, since the dual function satisfies −d(λ) ∈ F(0, ρ−1),
we can write (see [29, §9])

ρ

2
‖∇d(ν)‖2 ≤ d? − d(ν). (30)

By substituting ν = νk in (30) and recalling that yk+1 ∈
argminy∈Rn Lρ(y, νk) so that ∇d(νk) = Ayk+1 − b (see
(28d) and (28e) in Algorithm 1), the left inequality in (29)
is obtained. The proof is complete. �



The result of Theorem 2 establishes an O(1/k2) rate for
accelerated dual ascent when the primal objective is non-
differentiable and weakly convex. In the next subsection,
we show how to further accelerate this scheme through the
use of second-order information of the dual function, which
corresponds to the case p = 3 of (24). Before doing so, we
present a remark for the case in which the primal objective
function f(x) is weakly convex and differentiable.

Remark 1 (Exponential Convergence) By Lemma 3, when
the primal objective function is continuously differentiable
(i.e., f ∈ F(0, Lf ) for some Lf < ∞), the dual function
becomes strongly concave. In this case, it is possible to
achieve exponential convergence. More specifically, we can
make use of Nesterov’s accelerated method [13] in the dual
domain to obtain exponential convergence. More specifically,
the algorithm reads as follows

xk+1 ∈ argmin
x∈Rn

Lρ(x, λk), (31a)

νk = λk + s(Axk+1 − b), (31b)
λk+1 = νk + β(νk − νk−1) (31c)

where s = L−1d is the step size, and β > 0 is the momentum
parameter. The inner minimization in (31a) yields the dual
function oracle at λk, so that d(λk) = Lρ(xk+1, λk) and
∇d(λk) = Axk+1 − b. Therefore, the updates in (31b) and
(31c) correspond to an accelerated dual ascent. It can be shown
that, for the parameter selection β =

√
Ld−
√
md√

Ld+
√
md

with md and
Ld given as in Lemma 3, exponential convergence is achieved
with an an optimal decay factor equal to 1−

√
md/Ld [13].

However, this selection requires the knowledge of Lf , the
Lipschitz constant of the primal gradient function–see (26).

B. Accelerated Dual Newton Method: p = 3

Next, we turn to developing a dual variant of the cubic reg-
ularized Newton method [26]. This development corresponds
to specializing the dual higher-order gradient scheme (24) to
p = 3. To do so, we require the dual function to be twice
continuously differentiable with Lipschitz Hessian, which can
be guaranteed by Assumption 1, as well as the following
condition.

Assumption 2 (Lipschitz Primal Hessian) The objective
function f(x) is twice continuously differentiable with a
Lipschitz continuous Hessian, i.e.,

‖∇2f(x)−∇2f(y)‖2 ≤ Cf‖x− y‖, (33)

for some 0 ≤ Cf <∞ and all x, y ∈ Rn.

Assumption 1 and 2 allow us to establish that the dual function
satisfies the smoothness properties necessary to derive an
accelerated dual Newton method, as we state next.

Algorithm 2 p = 3: Accelerated Dual Newton Method

Require: (Non-augmented) Lagrangian L(x, λ) [cf. (6)], scaling
parameters C and N such that C ≤

√
N2 − 1/(108N2), N > 1,

step-size parameter L2 = Cf ‖A‖32/m3
f [cf. (34)].

initialize primal x0 ∈ Rn, dual variables λ0 = µ−1 ∈ Rm
for k = 0, 1, 2, . . . do

Compute primal minimizer,

xk+1 ∈ argmin
x∈Rn

L(x, λk). (32a)

Evaluate dual gradient and dual Hessian,

∇d(λk) = Axk+1 − b,
∇2d(λk) = −A[∇2f(xk+1)]

−1A>. (32b)

Compute cubic dual Newton step,

νk = argmin
ν∈Rm

{−∇d(λk)>(ν − λk)

+ 1
2
(ν − λk)>∇2d(λk)(ν − λk) + NL2

3!
‖ν − λk‖3}, (32c)

Compute auxiliary minimizer,

yk+1 ∈ argmin
y∈Rn

L(y, νk). (32d)

Evaluate dual gradient,

∇d(νk) = Ayk+1 − b. (32e)

Execute mirror ascent w.r.t. Bregman divergence Dψ ,

µk = argmin
µ∈Rm

{−3C(k2 + k)∇d(νk)>µ+ L2
2
Dψ(µ, µk−1)},

(32f)

Update Lagrange multiplier λk+1 as weighted average of aux-
iliary dual variables νk and µk,

λk+1 =
3

k + 3
µk+

k

k + 3
νk. (32g)

end for

Lemma 4 (Lipschitz Dual Hessian) Under Assumptions 1
and 2, the dual function d(λ) is twice-continuously differ-
entiable, and its Hessian ∇2d(λ) = −A∇2f(x(λ))−1A>

satisfies

‖∇2d(λ)−∇2d(ν)‖2≤
Cf
m3
f

‖A‖32‖λ−ν‖2, (34)

for all λ, ν ∈ Rm.

Proof: See Appendix (VII-E) �

We now turn to the recursions in (24), where the first-
and second-order derivatives of the dual function are used.
Consider the second-order Taylor approximation of the dual
function as

d2(λ;λk)=d(λk)+∇d(λk)>(λ−λk)

+
1

2
(λ−λk)>∇2d(λk)(λ−λk). (35)

Observe that we have d(λk) = L(x(λk), λk), ∇d(λk) =
Ax(λk)− b, and ∇2d(λk) = −A[∇2f(x(λk))]

−1A>. Hence,
we need to incorporate the exact minimization step x(λk) ∈
argminx L(x, λk) into the updates. The resulting iterative
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Fig. 1: Continuous-time accelerated dual ascent ODE (21) applied to (37) for various realizations of the scaling parameters (see Subsection
III-D). Left: Figure 1a displays the evolution of dual sub-optimality gap p? − d(λt) against t in log-linear scale. In Figure 1b, we plot the
evolution of ‖Axt− b‖2 against t in log-linear scale–see (22). By increasing p, faster convergence rates are attained at the expense of more
frequent sampling by the solver for a stable path generation..

scheme is summarized in Algorithm 2. With Lemma 4 es-
tablished, and the technical setting clarified, we now present
our main result for accelerated second-order dual methods.

Theorem 3 (Accelerated Cubic-Regularized Dual Newton
Method) Consider the optimization problem in (5) and the
corresponding Lagrangian in (6), where the objective function
f(x) satisfies Assumptions 1 and 2, Then, the primal-dual
sequence {yk, νk}k≥0 generated by Algorithm 2 satisfies

mf

2σ2
max(A)

‖Ayk+1 − b‖22 ≤ p? − d(νk) ≤ O(1/k3). (36)

Proof : The right inequality comes from applying Corollary
3.5 of [21] with the negative of the dual function, −d(λ),
used in place of the convex function to be minimized. The left
inequality follows from (47) in the proof of Lemma VII-B. �

In Theorem 3 we establish that a second-order accelerated
dual approach to solving (1) yields a convergent solution to
a dual optimal point (8) and, hence, by strong duality, we
converge to a saddle point of the Lagrangian in (6). The
rate at which we converge to the primal-dual optimal pair is
O(1/k3), which is the state-of-the-art of existing dual methods
for problems with affine constraints. This result requires strong
convexity of the primal objective (Assumption 1) and Lipschitz
continuity of its Hessian (Assumption 2).

Finally, we discuss some practical aspects of Algorithm 2.
First, to implement the algorithm, we need to compute the
Hessian of the dual–see (32b)–which requires inverting the
Hessian of the primal objective function. Therefore, for large-
scale problems, this Algorithm is not practical. Second, finding
the cubic Newton step (32c) requires an iterative subroutine
to solve the cubic problem in (32c). In particular, to obtain
an ε-suboptimal solution to (32c), the gradient method solves
(32c) in O(1/(ε log(1/ε))) steps [30]. These steps, however,
are relatively inexpensive since they do not require any oracle
query from the dual function.

In the next section, we illustrate the performance properties
of the developed methods in Sections III and IV via a synthetic

example, as well as an application in model predictive control
(MPC).

V. EMPIRICAL EVALUATION

A. Simple Continuous-Time Example

We consider the following synthetic optimization problem

p? = min
x∈Rn

1

2
x>Px+ µ exp(1>n x) s.t. Ax = b. (37)

The above problem is convex with a twice-differentiable
strongly convex objective when µ ≥ 0 and P � 0. For
simulations, we choose µ = 0.01, n = 100, m = 50,
P = QQ> where elements of Q ∈ Rn×n are independently
drawn from the standard normal distribution. The elements of
A ∈ Rm×n are also drawn from the standard normal distribu-
tion. Finally, we select b = Az, where z ∈ Rn is drawn from
the standard normal distribution. For the selected problem
data, the condition number of P is 4.8902 × 104. We then
consider different selection of the scaling parameters: (i) the
exponential regime, where βt = t, eαt = t (which corresponds
to an O(e−t) convergence rate), and (ii) polynomial regime,
where eβt = tp, eαt = p/t, p = 2, 3, 4 (which corresponds to
an O(1/tp) convergence rate). We then consider a modified
version of (21):

∇̇ψ(λt + e−αt λ̇t) = eαt+βt(Axt − b), (38a)

ẋt = −[∇2f(xt)]
−1(∇f(xt) +A>λt +A>λ̇t). (38b)

The initial conditions are λ0 = λ̇0 = 0, and x0 =
argminx∈Rn L(x, λ0) (so that ∇xL(x0, λ0) = 0), and the
Bregman distance function ψ is chosen to be the Euclidean
norm. Comparing to (21), the above ODE includes an ad-
ditional correction term ∇xL(xt, λt) = ∇f(xt) + A>λt.
Theoretically, the solutions to (38) satisfy ∇xL(xt, λt) = 0
for all t ≥ t0. To see this, it is easy to verify that the
derivative d

dt∇xL(xt, λt) is zero for all t ≥ t0 and, hence,
∇xL(xt, λt) = ∇xL(x0, λ0) = 0. Therefore, the solutions
of (21) and (38) with the same initialization are identical.
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Fig. 2: Fig. 2a: The evolution of the primal infeasibility (ρ/2‖Ayk+1 − b‖22) and the dual suboptimality (p? − d(νk)) for the numerical
example in Subsection V-B–see (29). Both quantities decrease at an O(1/ρk2) rate. Fig. 2b: Plot of total number of inner and outer iterations
for Algorithm 1 applied to the numerical example in Section V-B, for different values of the augmentation constant ρ. The error bar for
each ρ represents the standard deviation obtained from 200 random realizations.

However, the dual feasibility condition ∇xL(xt, λt) = 0
might be violated over time due to accumulated numerical
errors arising from discretization. Therefore, we include the
additional term ∇xL(xt, λt) = ∇f(xt)+A>λt to correct the
trajectory against numerical errors–see [31] for more details.
We simulate (38) over the time interval t ∈ [10−1, 10] using
MATLAB ODE23 solver. Note that the method must start
at t > 0 due to the presence of a singularity at t = 0 in
(23). The results are depicted in Figure 1. We plot the dual
sub-optimality p? − d(λt) over t for various selections of the
scaling parameters. We also plot ‖Axt − b‖2 as a barometer
for attaining primal feasibility. Notice that the convergence
improves as we increase p. Also, exponential convergence is
attained by selecting the scaling parameters as βt = t, eαt = t.

B. Linear Model Predictive Control with State-Input Con-
straints

As an application of the developed framework in this paper,
we consider predictive control of discrete-time linear systems.
More explicitly, we consider the following state-space model

xk+1 = Axxk +Buuk, (39)

where at each time index k, xk ∈ Rnx is the state vector and
uk ∈ Rnu is the input vector. The matrices Ax ∈ Rnx×nx and
Bu ∈ Rnx×nu are the state and input matrices, respectively.
We consider the following classical MPC problem:

minimize
K−1∑
k=0

1

2
x>k Qxk+

1

2
u>k Ruk+

1

2
x>KQfxK , (40)

subject to
x0 = x, xk+1 = Axxk +Buuk k = 0, . . . ,K−1,
(xk, uk) ∈ X × U , k = 0, . . . ,K−1, xK ∈ Xf ,

where the decision variables are u0, · · · , uK−1, x0, · · · , xK .
The constraint x0 = x is imposed by the given initial condition
x ∈ Rnx , the second constraint is imposed by the dynamics of

the system, and (xk, uk) ∈ X ×U are hard constraints on the
states and inputs. We assume that Q ∈ Snx and Qf ∈ Snx are
positive semidefinite, and that R ∈ Snu is positive definite.
We further assume that projection onto X ,U , and Xf is easy
to perform; for instance, box constraints of the form xmin ≤
xk ≤ xmax and umin ≤ u ≤ umax. Finally, K ≥ 1 is the
horizon length. Given these elements, the MPC policy solves
(40), executes u0 = u?0, updates the initial condition x to the
measured (or estimated) state at time k = 1, and solves (40)
again for the next control action u1.

By introducing z = [u>0 u>1 . . . u>K−1 x>1 . . . x>K ] as
the stacked vector of the decision variables, the optimization
problem (40) can be compactly written as

minimizez∈Rnz

1

2
z>Hz+IZ(z) subject to Az = b, (41)

where Z = UK × XK−1 × Xf is the constraint set of z and
IZ(z) is its indicator function. Moreover, the Hessian matrix
H is given by H = blkdiag(R, . . . , R,Q, . . . , Q,Qf ). Finally,
A and b are given by

A=


B 0 · · · 0
0 B · · · 0

0 0
. . . 0

0 0 . . . B

−I 0 · · · 0
A −I · · · 0

0 A
. . . 0

0 0 . . . −I

 , b=

−Ax
0
...
0


(42)

Notice that we could eliminate the equality constraints by
making the substitution xk = Akxx0 +

∑k−1
`=0 A

k−`−1
x Bxu`

in the cost function f and, therefore, remove the equality
constraints Az = b entirely. However, this formulation can
potentially become ill-posed, especially for a large horizon
length K, as high powers of Ax would appear in the cost
function.

Formally, the objective function in (41) is non-smooth and
is not necessarily strongly convex. This implies that the dual
function is not differentiable. Following the discussion in
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Fig. 3: Comparison of dual suboptimality (left) and primal infeasibility (right) obtained by AMM (Algorithm 1) and that of standard MM
applied to the example in Section V-B. The total number of inner iterations for AMM and MM are 775 and 535, respectively.

Subsection IV-A, we adopt an augmented Lagrangian approach
for which the dual function becomes differentiable, according
to Lemma 3. In this setting, we can apply Algorithm 1 to solve
the problem in the dual domain.

In our numerical experiments, we consider K = 10 and a
randomly generated system with nx = 30 states and nu = 10
control inputs (K×(nx+nu) = 400 decision variables), where
the entries of the system’s matrices Ax and Bx are chosen
from the standard normal distribution. The matrix Ax is then
rescaled so that its spectral norm is equal to one, yielding
a marginally stable system. Further, the positive semidefinite
matrices Q and Qf are generated according to Q = Q̃>Q̃
and Qf = Q̃>f Q̃f , where the entries of Q̃ ∈ Rnq×nx and
Q̃f ∈ Rnq×nx (with nq < nx) are chosen from the standard
normal distribution. Similarly, the positive definite matrix R is
selected as R = R̃>R̃, where the entries of R̃ ∈ Rnx×nx are
chosen from the standard normal distribution. Finally, we set
ψ(·) = 1

2‖ ·‖
2
2, ρ = 4, N = 1 and C = 1/8 for the parameters

of the algorithm.
In Figure 2, we plot the quantities ρ/2‖Ayk+1−b‖22, which

measures the primal infeasibility, and p? − d(νk), which is
the dual suboptimality. Both quantities decrease approximately
as O(1/ρk2) to the primal-dual optimal pair. Thus, we have
an empirical validation of the theoretical rate established by
Theorem 2.

Effect of Augmentation Constant. When the augmentation
constant ρ increases, the inner minimizations typically become
easier to solve, but the dual problem becomes harder to
maximize, since the maximum allowable step size in the dual
domain is bounded by ρ−1. To examine the effect of ρ in
practice, we compare the total number of inner and outer
iterations for various values of ρ. To obtain these quantities
for each ρ, we solve (40) for 200 random realization of the
problem data and then take the average of the obtained values.
In Figure 2b, we plot the average number of the inner and outer
iterations for the values ρ ∈ {0.5, 1, 2, 4, 8}. We observe that
the complexity of the dual problem is almost unaffected by
ρ on average. However, the sample average number of inner
iterations decreases by increasing ρ.

Finally, in Figure 3, we compare the performance of the
algorithm against the standard Method of Multipliers. We can
clearly observe the effect that acceleration has on reducing
the number of required iterations to obtain a certain accuracy.
We remark that the oscillations pattern in the trajectories of
the accelerated algorithm is inherent to accelerated methods
in general, as they relax the requirement that the objective
function must decrease at each iteration.

VI. CONCLUSION

We develop a family of accelerated methods, inspired by
[21], in order to solve linearly-constrained convex optimiza-
tion problems through their dual reformulation. Specifically,
we derive a family of continuous-time dynamical systems
that yields exponentially convergent trajectories to the saddle
point of the problem when the objective function is twice
continuously differentiable and strongly convex. Next, we
use an accelerated higher-order gradient method proposed in
[21] to develop the discrete-time counterparts of this family.
We specialize the algorithm to the accelerated method of
multipliers and the accelerated dual Newton method, with
convergence rates of O(1/k2) and O(1/k3), respectively. The
latter algorithm requires twice differentiability and strong con-
vexity, while the former is realizable under the less restrictive
assumption of weak convexity and non-differentiability. We
observe exponential as well as polynomial convergence rates
in our synthetic example in continuous time of the Euler-
Lagrange ODE (Section III-D) translates into practice for
polynomial scaling selections. Moreover, the discretization of
these polynomial scalings (Section IV) yields effective tools
for solving MPC problems for linear systems.

VII. APPENDIX

A. Proof of Lemma 1

By Assumption 1, the objective function and, hence, the
Lagrangian is twice differentiable with respect to x. Applying



the chain rule to the dual feasibility identity ∇xL(x(λ), λ) =
0 for all λ ∈ Rm, we obtain

∇xxL(x(λ), λ)
d

dλ>
x(λ) +∇xλL(x(λ), λ) = 0,

where [
d

dλ>
x(λ)]ij =

d
dλj

xi(λ). By rearranging the terms and
recalling the definition of L(x, λ) in (6), we get

d

dλ>
x(λ) = −[∇2f(x(λ))]−1A>.

The last result requires the objective function f(x) to have
an invertible second derivative (Assumption 1). By taking the
derivative of ∇d(λ) = Ax(λ)− b with respect to λ and using
the last result, we obtain the Hessian ∇2d(λ), as follows,

∇2d(λ) = A
d

dλ>
x(λ) = −A[∇2f(x(λ))]−1A>.

We can use the strong convexity of f(x), ∇2f(x) � mf In,
to obtain a bound on ∇2d(λ) as follows,

‖∇2d(λ)‖2 ≤ ‖A‖2‖∇2f(x(λ))−1‖2‖A>‖2 =
σ2
max(A)

mf
.

Finally, uniform boundedness of the dual Hessian is equivalent
to Lipschitz continuity of the dual gradient, with the Lipschitz
parameter being equal to the upper bound. �

B. Proof of Lemma 2

Consider the following Lyapunov functional:

Et = Dψ(λ
∗, λt + e−αt λ̇t) + eβt(d(λ∗)− d(λt)). (43)

Observe that (43) is non-negative: since the function ψ is
convex, we have Dψ(λ, ν) ≥ 0 for all λ, ν ∈ Rm. Moreover,
the last term is positive due to the Saddle Point Theorem
(see [23]): d(λ∗) = L(x∗, λ∗) ≥ L(x∗, λt) ≥ d(λt), where
the second inequality follows from the fact that d(λt) is the
minimum value of L(x, λt) with respect to x. This Lyapunov
function may be identified as being in the form of that
which is considered in the proof of Theorem 2.1 of [21]
by noting that the negative of the dual function −d(·) is
convex in λt. Stability follows from computing the derivative
of (43), substituting in the dynamics (16), which in a manner
analogous to [21] results in

Ėt ≤ −eαt+βtD−d(λ
∗, λt) + (β̇t − eαt)eβt(d(λ∗)− d(λt)).

(44)

Then, we apply the ideal scaling (11) to the last term, and
the fact that −d(·) is convex so that D−d(·, ·) ≥ 0. Thus,
Ėt ≤ 0, implying that the dynamics defined by (16) satisfies
the conditions for LaSalle’s Invariance Principle via the energy
function (43) and is, hence, stable. Exponential convergence
may be obtained by noting that eβt(d(λ∗)− d(λt)) ≤ Et due
to the nonnegativity of the Bregman divergence term in (43),
and invoking Ėt ≤ 0 to write Et ≤ E0. Therefore,

d(λ∗)− d(λt) ≤ e−βtEt ≤ e−βtE0 = O(e−βt). (45)

Note that E0 = Dψ(λ
∗, λ0) + eβ0(d(λ?) − d(λ0)), which is

finite since d(λ0) ≤ d(λ?) = p? <∞ by assumption. Finally,

observe that since λ 7→ d(λ) has a bounded Hessian (see
Lemma 1), for any λ, ν ∈ Rm we have that,

d(ν) ≥ d(λ) +∇d(λ)>(ν − λ)− ‖A‖
2
2

mf
‖ν − λ‖22 (46)

Maximizing both sides of (46) with respect to ν yields,

d? − d(λ) ≥ mf

2‖A‖22
‖∇d(λ)‖22, (47)

which then allows us to conclude the left inequality in (17).
Finally, according to Lemma 1, the strong concavity constant
of the dual function is md = σ2

min(A)/Lf , which is strictly
positive if Lf/σ2

min(A) < ∞. Under this condition, we have
that −d(λ) ∈ F(md, Ld). For this class of functions, we have
that

md

2
‖λt − λ?‖22 ≤ d(λ?)− d(λt). (48)

By combining (45) and (48), we obtain (18). The proof is now
complete.

�

C. Proof of Theorem 1

First, observe that by strong duality, we have L(x∗, λ∗) =
d(λ∗). Next, we use the chain rule to compute the time
derivative of ∇xL(xt, λt):

∇̇xL(xt, λt) = ∇xxL(xt, λt)ẋt +∇xλL(xt, λt)λ̇t. (49)

Now, substitute ẋt from (21b) back into (49), which yields
∇̇xL(xt, λt) = 0. Therefore, we have that ∇xL(xt, λt) =
∇xL(x0, λ0) = 0 for all t ≥ 0, i.e., we have that
xt = argminx L(x, λt) and, hence, L(xt, λt) = d(λt).
Then, the result follows by applying Lemma 2, which yields
0 ≤ L(x?, λ?) − L(xt, λt) ≤ O(e−βt). Finally, the left
inequality follows from the left inequality in (17) and noting
that ∇d(λt) = Axt−b, by (13). The proof becomes complete.
�

D. Proof of Lemma 3

Consider the two points x ∈ argminξ∈Rn L(ξ, λ) and y ∈
argminξ∈Rn L(ξ, ν). We then have

Tf (x) +A>λ+ ρA>(Ax− b) = 0, (50)

Tf (y) +A>ν + ρA>(Ay − b) = 0,

where Tf ∈ ∂f is a subgradient of f , so that when Lf <∞,
we have that Tf = ∇f . By co-coercivity of Tf , we can write
for 0 < Lf ≤ ∞ that

(Tf (x)− Tf (y))>(x− y) ≥
1

Lf
‖Tf (x)− Tf (y)‖22. (51)

Substituting (50) into (51) allows us to write

− (λ− ν + ρ(Ax−Ay))>(Ax−Ay) ≥ (52)
1

Lf
‖A>(λ− ν + ρ(Ax−Ay))‖22.



Considering the quadratic expression on the right-hand side of
(52), we can write the following inequality,

‖A>(λ−ν+ρ(Ax−Ay))‖22 ≥ σ2
min(A)‖λ−ν+ρ(Ax−Ay)‖22.

(53)

From the last two inequalities, we obtain

− (λ− ν + ρ(Ax−Ay))>(Ax−Ay) ≥ (54)
1

Lf
σ2
min(A)‖λ−ν+ρ(Ax−Ay)‖22.

Next, we complete the squares and rearrange terms to obtain

p‖Ax−Ay‖22 + q(λ−ν)>(Ax−Ay) + r‖λ−ν‖22 ≤ 0, (55)

where in (55) we have defined p, q, r ∈ R+ as

p = ρ+
ρ2σ2

min(A)

Lf
, q = 1+

2ρσ2
min(A)

Lf
, r =

σ2
min(A)

Lf
.

Since the third term, r‖λ− ν‖22, in the left-hand side of
(55) is nonnegative, the sum of the first two terms must be
nonpositive, from where we obtain

p

q
‖Ax−Ay‖22 + (λ−ν)>(Ax−Ay) ≤ 0. (56)

In particular, by setting λ = ν, we conclude that Ax = Ay.
This implies that the subdifferential set ∂d(λ) = {Ax −
b : x ∈ argminx∈Rn L(ξ, λ)} is a singleton and, hence, the
dual function d is differentiable. Denoting ∇d(λ) = Ax − b
and ∇d(ν) = Ay−b, the inequality in (56) can be equivalently
written as

p

q
‖∇d(λ)−∇d(ν)‖22+(λ−ν)>(∇d(λ)−∇d(ν)) ≤ 0, (57)

which establishes the co-coercivity of λ 7→ ∇d(λ) with
parameter Ld equal to

Ld =
q

p
=

2ρσ2
min(A) + Lf

ρ2σ2
min(A) + ρLf

.

Next, by applying an analogous logic to the first term in the
left-hand side of (55), we can omit this term and then divide
both sides by q to obtain

(λ−ν)>(Ax−Ay) + r

q
‖λ−ν‖22 ≤ 0.

Recalling ∇d(ν) = Ay − b and that d(λ) is concave, the last
inequality establishes the strong concavity of the dual function
with parameter

md =
r

q
=

σ2
min(A)

2ρσ2
min(A) + Lf

.

Notice that the analysis simply carries over to the case Lf =
∞ (non-differentiable f ) by setting 1/Lf = 0 in all the steps
above. The proof is now complete. �

E. Proof of Lemma 4

Twice continuous differentiability of the dual function fol-
lows from Lemma 1. We need to show the Lipschitz continuity
of the Hessian. To do so, we consider the difference of two
Hessians of the dual function and substitute in its definition
in (14b),

‖∇2d(λ)−∇2d(ν)‖2 (58)

= ‖A
(
[∇2f(x(λ))]−1 − [∇2f(x(ν))]−1

)
A>‖2

≤ ‖A‖22‖[∇2f(x(λ))]−1 − [∇2f(x(ν))]−1‖2,

where in the first equality we have factored out A and A> from
left and right, respectively, and to obtain the inequality, we
have applied the Cauchy-Schwartz inequality. We proceed to
analyze the norm difference of Hessian inverses on the right-
hand side of (58) and establish that the inverse Hessian is
Lipschitz with parameter Cf/m2

f . To do so, we write

‖[∇2f(x)]−1 − [∇2f(y)]−1‖2
= ‖[∇2f(x)]−1

(
∇2f(y)−∇2f(x)

)
[∇2f(y)]−1‖2

≤ ‖[∇2f(x)]−1‖2‖∇2f(y)−∇2f(x)‖2‖[∇2f(y)]−1‖2

≤ Cf
m2
f

‖x− y‖2. (59)

In the first inequality, we use the Cauchy-Schwartz inequality,
whereas the last inequality applies the strong convexity of
f(x), i.e., ∇2f(x) � mf In, and Lipschitz continuity of the
Hessian, i.e., ‖∇2f(x)−∇2f(y)‖2 ≤ Cf‖x− y‖2. By using
(59) back in (58), we obtain

‖∇2d(λ)−∇2d(ν)‖ ≤ Cf
m2
f

‖A‖22‖x(λ)− x(ν)‖. (60)

On the other hand, using the integral form of Taylor’s Theo-
rem, we have that

‖x(λ)−x(ν)‖2 = ‖
∫ 1

0

dx

dλ
(ν + t(λ− ν))(λ− ν)dt‖2. (61)

From (19), we have that ‖ ddλx(λ)‖2 ≤
‖A‖2
mf

for all λ.
Therefore, by applying the Cauchy-Schwartz on the right-hand
side of (61), we can write

‖x(λ)−x(ν)‖2 ≤ ‖
∫ 1

0

dx

dλ
(ν + t(λ−ν))dt‖2‖λ−ν‖2

≤ ‖A‖2
mf
‖λ− ν‖2. (62)

Combining (60) and (62) yields the inequality

‖∇2d(λ)−∇2d(ν)‖2 ≤
Cf
m3
f

‖A‖32‖λ− ν‖2,

which completes the proof. �
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