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Abstract— We approach linearly constrained convex optimization problems through their dual reformulation. Specifically, we derive a family of accelerated dual algorithms by
adopting a variational perspective in which the dual function of
the problem represents the scaled potential energy of a synthetic
mechanical system, and the kinetic energy is defined by the
Bregman divergence induced by the dual velocity flow. Through
application of Hamilton’s principle, we derive a continuous-time
dynamical system which exponentially converges to the saddle
point of the Lagrangian. Moreover, this dynamical system only
admits a stable discretization through accelerated higher-order
gradient methods, which precisely corresponds to accelerated
dual mirror ascent. In particular, we obtain discrete-time
convergence rate O(1/kp ), where p − 1 is the truncation index
of the Taylor expansion of the dual function. For practicality
sake, we consider p = 2 and p = 3 only, respectively
corresponding to dual Nesterov acceleration and a dual variant
of Nesterov’s cubic regularized Newton method. This analysis
provides an explanation from whence dual acceleration comes
as the discretization of the Euler-Lagrange dynamics associated
with the constrained convex program. We demonstrate the
performance of the aforementioned continuous-time framework
with numerical simulations.

I. I NTRODUCTION
Underlying many recent technological advances such as
artificial intelligence [1], smart devices [2], robotics [3],
[4], and wireless communications [5], is the mathematical
theory of optimization. Our particular focus is on convex optimization problems with linear constraints, which
apply to these respective contexts in the form of largescale supervised learning [6], cooperative control [7], and
wireless routing [8]. In such settings, obtaining a closed-form
solution of the problem is not possible, and hence numerical
optimization schemes must be used. Our goal is to derive
fast yet efficient iterative methods for linearly constrained
convex programming [9], i.e., problems of the form
min f (x), s.t. Ax = b.

x∈Rn

(1)

where f is convex, n is possibly large, and the linear
constraints may represent, for instance, consensus [10] or
network flow constraints [8], [11].
In the development of iterative numerical methods for
constrained convex problems, there is a fundamental tradeoff between computational efficiency and the rate at which
we attain optimality. On the one hand, with no regard for
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computation cost, when the objective is strongly convex, one
may apply Newton’s method that uses the second-derivative
k
information and exhibits quadratic convergence O(ρ2 ) under proper initialization [12], without which (super)linear
p
O(ρk ) rates are possible (p ≥ 1, 0 ≤ ρ ≤ 1) for weakly
convex problems. Newton’s method requires evaluation of
the Hessian inverse of the objective at each step, which is
cubic in the decision variable dimension. In the case of largescale supervised learning [6], for instance, this complexity
is prohibitively costly. Quasi-Newton schemes approximate
this Hessian inverse computation and in some cases achieve
comparable behavior to their exact second-order counterparts
[13], [14].
On the other hand, first-order methods are popular due to
their ease of implementation, low complexity, and robust,
albeit sublinear O(1/k) convergence [15] (linear O(ρk )
when the objective is strongly convex). Accelerated variants
of gradient methods, which introduce auxiliary sequences
based on recursive averages, have gained popularity due to
their ability to improve convergence in the weakly convex
case to O(1/k 2 ) with comparable complexity [16].
Adaptations of acceleration have been proposed to constrained problems in the primal domain for special cases
[17], primal-dual schemes [18]–[20] as well as proximal dual
approaches [8], [21], [22], which reach at least Nesterov’s
O(1/k 2 ) rate, but all require strong convexity. The curiosity
of these dual approaches is in the fact that when the objective
is strongly convex, linear rates are achievable by first-order
primal methods in the unconstrained setting. Unfortunately,
such favorable behavior does not easily carry over to the
constrained case, except for special cases [13], [23].
Given that linear convergence remains elusive for firstorder dual methods for constrained problems, even with
strong convexity, we ask a related question: is Nesterov’s optimal rate O(1/k 2 ) realizable by first-order accelerated dual
methods for constrained problems (Section II) without strong
convexity? The contribution of this work is an affirmative
answer, based on extending a recently discovered connection between Lagrangian mechanics and accelerated mirror
descent methods [24] to dual approaches for constrained
optimization (Section III). [24] considers primal methods for
unconstrained convex programming, whereas our focus is on
dual reformulations of linearly constrained convex problems.
In extending the connection between accelerated methods
in optimization and Lagrangian mechanics put forth in [24] to
dual methods for constrained problems, we attain exponential
convergence in continuous time for strongly convex smooth
objectives, and O(1/k 2 ) rate for discrete time algorithms for

objectives that are neither strongly convex nor differentiable.
Moreover, we provide a rigorous explanation from whence
dual acceleration comes as the stable discretization of a
certain continuous-time Euler-Lagrange equation (Section
IV), rather than a heuristic reference to adding “momentum”
into an optimization scheme. In Section V, we illustrate that
favorable convergence behavior translates well into practice.
A longer version of this paper containing the proofs will
be available online [25].
II. L INEARLY C ONSTRAINED C ONVEX O PTIMIZATION
Consider the following convex optimization problem,
p? = minn f (x), s.t. Ax = b.
x∈R

(2)

where f (x) : Rn → R is convex, A ∈ Rm×n with
rank(A) = m < n, and b ∈ Rm . The latter conditions
imply that the system of equations Ax = b has infinitely
many solutions, and hence, the problem (2) is feasible and
nontrivial. We further assume that the optimal p? is finite.
We turn to reformulating (2) in terms of its dual problem.
To do so, define the Lagrangian function L(x, λ) : Rn ×
Rm → R associated with the problem (2) as
L(x, λ) = f (x) + λ> (Ax − b),

(3)

where λ ∈ Rm is the vector of Lagrange multipliers. Notice
that the Lagrangian is convex in x and concave (affine) in
λ. Further define the dual function G(λ) : Rm → R as
G(λ) = minn L(x, λ).
x∈R

(4)

The dual problem is then to maximize the dual function (4)
with respect to λ,
d? = maxm G(λ) = maxm minn L(x, λ).
λ∈R

λ∈R

x∈R

(5)

Observe that a special case of ψ is the Euclidean distance,
ψ(·) = k · k22 . We denote xt ∈ Rn and λt ∈ Rm as curves
parameterized by continuous time index t ∈ T ⊆ R+ .
As in [24], we identify the kinetic energy of a synthetic
mechanical system associated with the optimization problem
(4) as the Bregman divergence between its state and its
state perturbed by its velocity vector with an appropriate
scaling, Dψ (λ + e−αt λ̇, λ). Further, the potential energy is
the objective to be minimized, which for dual algorithms is
the negative of the dual function −G(λ) in (4). Thus, we
may consider the Bregman Lagrangian as an appropriately
weighted Lagrangian of the mechanical system with these
identifications, stated as

L(λ, λ̇, t) = eαt +γt Dψ (λ + e−αt λ̇, λ) + eβt G(λ) , (7)
where αt , γt , βt : T → R are smooth functions of time t ∈ T.
We next consider applying Hamilton’s Principle (see [26] for
details) to (7). We find that the ideal scaling conditions
β̇t ≤ eαt ,

γ̇t = eαt ,

(8)

are required for stability, and simplify the analysis greatly.
Hamilton’s principle
states that minimizing the action funcR
tional J[λ] = T L(λt , λ̇t , t)dt amounts to finding trajectories λt that satisfy the Euler-Lagrange equations
d ∂L
∂L
(λt , λ̇t , t) −
(λt , λ̇t , t) = 0.
∂λt
dt ∂ λ̇t

(9)

Euler-Lagrange equations associated with the Bregman Lagrangian (7) involve the gradient of the dual function, which
requires continuous differentiability of G(λ) in order to exist.
Note that by Danskin’s theorem [27], the sub-differential of
the dual function is defined as
∂G(λ) := {Ax(λ) − b : x(λ) ∈ argmin L(x, λ)} , (10)
x∈Rn

Since the primal problem (2) is convex and feasible, i.e.,
Slater’s condition holds [9], the duality gap is zero, i.e.,
d? = p? . Thus there is no loss of optimality by approaching
the problem by its dual reformulation. For future reference,
we define X? × Λ? ⊂ Rn × Rm as the set of primal-dual
optimal pairs (x? , λ? ) that satisfy L(x? , λ? ) = p? = d? .
Next we adopt a mechanics perspective in order to derive an
exponentially convergent solution to (5) in continuous time.

which may not be a singleton since x(λ) is not necessarily
unique. However, we establish that the following smoothness
condition on the primal objective f (x) is sufficient for the
dual function to be continuously differentiable, and will make
the evaluation of the Euler-Lagrange system (9) possible for
our setting (7).

III. D UAL O PTIMIZATION AS L AGRANGIAN M ECHANICS

Assumption 1 (Strong Convexity) The objective function
f (x) is twice continuously differentiable with ∇2 f (x) 
mf I for some 0 < mf < ∞.

We now shift focus to conducting variational analysis in
order to derive a solution to (5) in continuous time, the source
of our improved convergence results.
A. Bregman Lagrangian and Hamilton’s Principle
Begin by equipping the dual domain Rm with a continuously differentiable convex function ψ : Rm → R that
satisfies k∇ψ(λ)k → ∞ as kλk → ∞ to define a measure
of distance in Rm in terms of the Bregman divergence, i.e.,
for λ, ν ∈ Rm ,
Dψ (ν, λ) = ψ(ν) − ψ(λ) − h∇ψ(λ), ν − λi ,

(6)

The strong convexity of x 7→ f (x) implies the strong convexity of x 7→ L(x, λ) which further implies that the Lagrangian
minimizer x(λ) [cf. (10)] is unique for each λ. Uniqueness
of x(λ) implies that the sub-differential of the dual function
is a singleton, i.e., the dual function is differentiable. More
formally, we have the following smoothness properties for
the dual function under Assumption 1.
Lemma 1 Under Assumption 1, the dual function G(λ) is
twice-continuously differentiable with Lipschitz continuous

gradient, i.e.,

C. Evolution of Lagrangian Minimizers

k∇G(λ) − ∇G(ν)k2 ≤

kAk22
mf

kλ − νk2 .

(11)

for all λ, ν ∈ R , kAk2 = λmax (A> A)1/2 . Furthermore,
the Hessian of the dual function is given by
m

∇2 G(λ) = −A[∇2 f (x(λ))]−1 A> .

(12)

Under these conditions, we may simplify the partial differential equation (PDE) in (9) to a dynamical system that involves
the gradient of the dual function, as we state next.
Proposition 1 Consider the Lagrangian mechanical system
defined by the Bregman Lagrangian in (7) associated with
the optimization problem in (5) under the ideal scaling
conditions (8). Then under Assumption 1, the Euler-Lagrange
equations in (9) forR trajectories λt that minimize the action
functional J[λ] = T L(λt , λ̇t , t)dt are given by
λ̈t + (eαt − α̇t )λ̇t
−e

2αt +βt

2

[∇ ψ(λt + e

(13)
−αt

−1

λ̇t )]

∇G(λt ) = 0 ,

which may be equivalently stated without inverting the Hessian in (13) as
d
∇λ ψ(λt + e−αt λ̇t ) = eαt +βt ∇G(λt ).
(14)
dt
The Euler-Lagrange equations presented in Proposition 1
are derived by applying Hamilton’s Principle for trajectories
λt in the dual domain Rm . It is unclear, however, what
relationship such trajectories play in solving the optimization
problem under consideration in (2). In Subsection III-C, we
develop another dynamical system in the primal domain,
coupled to the Euler-Lagrange equations (14), which yield
solutions that converge exponentially to a saddle point of the
Lagrangian [cf. (3)]. Before that, we study the stability of
(14) next.
B. Stability Analysis
We now turn to studying the convergence properties of the
dynamical system given in Proposition 1. First, we present a
lemma regarding the evolution of dual sub-optimality to be
used to develop continuous-time accelerated dual ascent.
Lemma 2 Consider the Euler-Lagrange dynamics (14) presented in Proposition 1 under the ideal scaling conditions
β̇t ≤ γ̇t = eαt in (8) with initialization λ0 , λ̇0 ∈ Rm . Then
under Assumption 1, the dual sub-optimality satisfies
mf
k∇G(λt )k22 ≤ G(λ∗ ) − G(λt ) ≤ O(e−βt ) , (15)
2kAk22
where the proper selection of the scalar real-valued function
βt determines the rate of convergence.
Lemma 2, building upon the results of Theorem 2.1 in [24],
establishes a bound on the suboptimality gap evaluated along
trajectories which satisfy the Euler-Lagrange equations given
in (14). In particular, for βt = ct, c > 0, this gap vanishes
exponentially fast.

To evaluate the dual gradient ∇G(λt ) = Ax(λt ) − b
in the Euler-Lagrange ordinary differential equations (ODE)
(14), we need to continuously evaluate the Lagrangian minimizer x(λt ) = arg minx L(x, λt ). As we see below, the
smoothness of f (x) allows us to continuously compute this
minimizer without performing the minimization all the time,
under appropriate initialization. That is, apply the chain
rule to the dual feasibility identity ∇x L(x(λ), λ) = 0 and
rearrange terms to obtain
d
x(λ) = −[∇2 f (x(λ))]−1 A> .
dλ>

(16)

where [ dλd> x(λ)]ij = dλd j xi (λ). Notice that the last result
requires f (x) to be twice continuously differentiable with
invertible Hessian (Assumption 1). Given the time evolution
of λt , xt := x(λt ) obeys the ODE
h d
id
d
λt .
(17)
x(λt ) =
x(λ
)
t
dt
dt
dλ>
t
with initial condition x0 = x(λ0 ) = arg minx∈Rn L(x, λ0 ).
Combining the expressions in (17) and (16) along with (14)
yields the continuous-time dynamical system
−αt
˙
∇ψ(λ
λ̇t ) = eαt +βt (Axt − b),
t+e
2

−1

ẋt = −[∇ f (xt )]

>

A λ̇t .

(18a)
(18b)

The states of (18) are λt , λ̇t and xt . Intuitively, the first
ODE (18a) executes an accelerated gradient flow on the dual
function while the second ODE (18b) maintains the dual
feasibility ∇x L(xt , λt ) = 0 all the time.
Next, we establish that the dynamical system defined by
(18) converges to the saddle point of the Lagrangian, and
hence, solves (2) at an exponential rate (depending on the
choice of βt – see Section IV).
Theorem 1 Under Assumption 1, the primal-dual flow
(xt , λt ) defined by the dynamical system (18) with initialization λ0 , λ̇0 ∈ Rm , x0 = arg minx L(x, λ0 ) and under
the ideal scaling conditions (8) obeys the following bounds,
mf
kAxt − bk22 ≤ L(x∗ , λ∗ ) − L(xt , λt ) ≤ O(e−βt ).
2kAk22
(19)
Theorem 1 establishes that the dynamical system (18) yields
solutions that converge to the saddle point of the Lagrangian,
possibly exponentially fast, depending on the selection of
βt . The solutions are dual feasible all the time. However,
primal feasibility is achieved asymptotically, and requires
strong convexity of the primal objective function [cf. the left
inequality in (19)].
D. Parameter Selection
To achieve exponential convergence, one may set βt =
ct, c > 0 in (18), and set the other parameters accordingly
to satisfy the ideal scaling (8) used to derive the EulerLagrange PDE. For this choice we have a first-order dual
method for constrained optimization in continuous time with

exponential convergence. These results are for the case that
the primal objective is twice-continuously differentiable and
strongly convex (Assumption 1).
Alternatively, consider the choice of a logarithmic (polynomial) regime as eαt = p/t, eβt = Ctp , eγt = tp , p > 0,
with C > 0 an arbitrary positive scalar. For this case, the
Euler-Lagrange ODE (13) simplifies to
λ̈t +

p+1
λ̇t
t

(20)

−1
t
− Cp2 t(p−2) ∇2 ψ(λt + λ̇t )
∇G(λt ) = 0.
p
Lemma 2 implies that (20) attains a polynomial convergence
rate O(1/tp ).
In the next section, we shift focus to the discretization of
the ODE (18). However, this discretization is subtle, and not
any parameter selection of αt , βt , and γt which satisfies
the ideal scaling (8) stably translates into discrete-time
algorithms. Therefore, we consider algorithmic schemes for
the polynomial scaling case, i.e. discretizing the polynomial
Euler-Lagrange ODE (20). Since the discretized scheme no
longer requires continuous evaluation of the dual gradient,
we may relax the smoothness conditions of Assumption 1 so
as to encompass a broader category of linearly constrained
problems – see Section IV.

Remark 1 (Euler-Lagrange vs. Dual Ascent) Under Assumption 1, the dual function is twice differentiable with
Lipschitz gradient. However, it is not necessarily strongly
concave. 1 Therefore, under the current technical setting,
standard dual gradient update law λ̇t = ∇G(λt ) together
with (18b) yield O(1/t) convergence rate [28, § 2], [29], as
opposed to the O(1/tp ) rate of polynomial Euler-Lagrange
ODE (20).
IV. D ISCRETE -T IME D UAL ACCELERATION
In this section, we consider the discretization of EulerLagrange (18) with polynomial parameter selection [cf. (20)].
In [24], a rate-matching discretization scheme is proposed
which relies on higher-order gradient methods to stably
discretize the polynomial Eluer-Lagrange ODE (20). This
scheme requires evaluation of the first p − 1 derivatives
of the dual function G(λ) along with Lipschitz continuity
of the p − 1-th derivative to preserve the continuous-time
convergence rate to O(1/k p ), where k is the discrete iteration index counting the number of dual updates. Explicity,
the accelerated higher-order gradient method performs the
following updates for minimizing the convex function λ 7→
−G(λ) over Rm : start with λ0 = µ−1 ∈ Rm and inductively
1 In fact, according to (12), strong concavity of the dual function requires
f (x) to have uniformly bounded Hessian, i.e., ∇2 f (x)  Mf In for some
0 < Mf < ∞ and all x ∈ Rn .

define
N Lp−1
kν − λk kp },
ν∈R
p!
Lp−1
Dψ (µ,µk−1)},
µk = arg minm{−Cpk (p−1) ∇G(νk)>µ+
µ∈R
(p−1)!
p
k
λk+1 =
µk +
νk .
(21)
k+p
k+p

νk = arg minm {−Gp−1 (ν; λk ) +

where Gp−1 (ν; λk ) is p − 1-th order Taylor expansion of
G(ν) around λk , k (p−1) := k(k + 1) · · · (k + p − 2) is the
p−2
rising factorial, C ≤ (N 2 − 1) 2 ((2N )p−1 pp ) is a positive
scalar which arises in the polynomial scaling (20), Dψ (·, ·) is
the Bregman divergence (6), N > 1 is arbitrary, and Lp−1 >
0 is the Lipschitz constant of the p−1-th derivative of G(λ).
The first update is a higher-order dual gradient step
at λk to generate the auxiliary dual variable νk ∈ Rm ,
whose update depends on the truncated Taylor expansion
Gp−1 (ν; λk ) of the dual function – special instances are
discussed in the following subsections. The second step
resembles a dual mirror ascent step, generating an auxiliary
sequence µk ∈ Rm in which the dual gradient is computed
at νk (rather than µk−1 in standard dual ascent). Finally, we
consider the update of the actual Lagrange multiplier λk+1
as a weighted combination of dual auxiliary sequences νk
and µk .
The algorithm (21), the discrete-time counter part of
the ODE (20), exhibits the converges rate O(1/k p ) [24,
§3.4]. Hypothetically, one may achieve faster convergence
by increasing p in (21) at the expense of requiring higherorder gradient information about the dual function. Since this
information is precluded from use in practical settings, we
restrict our focus to p = 2 and p = 3, corresponding to dual
variants of Nesterov acceleration [16] and cubic regularized
Newton’s method [30], [31] when discretizing (20).
A. Accelerated Method of Multipliers: p = 2
Specialized to the case that p = 2, implementation and
convergence of (21) requires the dual function to be continuously differentiable with Lipschitz gradient. Assumption 1
is sufficient for these regularity conditions to hold, according
to Lemma 1. We could still satisfy these conditions under a
less restrictive assumption; that is, we may relax requirement
of strong convexity and smoothness of f (x) by adopting
an augmented Lagrangian approach. To do so, define the
augmented Lagrangian as
ρ
Lρ (x, λ) = f (x) + λ> (Ax − b) + kAx − bk2 , (22)
2
where ρ > 0 is arbitrary. Notice that the quadratic term does
not alter the saddle points (x? , λ? ) ∈ X? × Λ? as it is null
on the feasible set. For a fixed λ, the Lagrangian minimizer
x(λ) = arg min Lρ (x, λ) is no longer unique, opening the
possibility for the dual function to be non-differentiable [cf.
(10)]. However, as we show next, the quadratic penalty term
in (22) renders a continuously differentiable dual function
G(λ) = minx Lρ (x, λ) with Lipschitz gradient, under less
restrictive Assumptions on f (x).

Algorithm 1 p = 2: Accelerated Method of Multipliers

Algorithm 2 p = 3: Accelerated Dual Newton Method

Require: Augmented Lagrangian Lρ (x, λ) [cf. (22)], scaling parameters C and N such that C ≤ 1/(8N ), N > 1, augmentation
constant ρ > 0 (determines algorithm step-size).
initialize primal x0 ∈ Rn , dual variables λ0 = µ−1 ∈ Rm
for k = 0, 1, 2, . . . do
Compute primal minimizer xk+1 ∈ arg min Lρ (x, λk ).

Require: (Non-augmented) Lagrangian√L(x, λ) [cf. (3)], scaling
parameters C and N such that C ≤ N 2 − 1/(108N 2 ), N >
1, step-size parameter L2 = Cf kAk32 /m3f [cf. (26)].
initialize primal x0 ∈ Rn , dual variables λ0 = µ−1 ∈ Rm
for k = 0, 1, 2, . . . do
Compute primal minimizer xk+1 ∈ arg min L(x, λk )

x∈Rn

x∈Rn

Evaluate dual gradient ∇G(λk ) = Axk+1 − b.
Compute dual ascent step
νk = arg min {−∇G(λk )> (ν − λk ) +
ν∈Rm

N
kν
2ρ

− λk k2 }.

Evaluate dual gradient ∇G(λk ) = Axk+1 − b.
Evaluate dual Hessian ∇2 G(λk ) = −A[∇2 f (xk+1 )]−1 A> .
Compute cubic dual Newton step
νk = argmin{−∇G(λk )> (ν − λk )
ν∈Rm

Compute auxiliary minimizer yk+1 ∈ arg min Lρ (y, νk ).
y∈Rn

Evaluate dual gradient ∇G(νk ) = Ayk+1 − b.
Execute mirror ascent w.r.t. Bregman divergence Dψ

− λk )> ∇2 G(λk )(ν − λk ) +

N L2
kν
3!

− λkk3},

Compute auxiliary minimizer yk+1 ∈ arg min L(y, νk ).
y∈Rn

1
µk = argmin{−2Ck∇G(νk ) µ + Dψ (µ,µk−1)}
ρ
µ∈Rm
>

Evaluate dual gradient ∇G(νk ) = Ayk+1 − b.
Execute mirror ascent w.r.t. Bregman divergence Dψ

Update Lagrange multiplier λk+1 as weighted average of
auxiliary dual variables νk and µk
λk+1 =

+ 12 (ν

2
k
µk +
νk .
k+2
k+2

µk = argmin{−3C(k2 + k)∇G(νk )> µ +
µ∈Rm

L2
Dψ (µ, µk−1 )},
2

Update Lagrange multiplier λk+1 as weighted average of
auxiliary dual variables νk and µk

end for

λk+1 =

k
3
µk +
νk .
k+3
k+3

end for

Lemma 3 When the primal objective f (x) is convex (and
possibly extended-real-valued), the dual function G(λ) associated with the augmented Lagrangian (22) is continuously
differentiable with 1/ρ-Lipschitz gradient given by ∇G(λ) =
Ax(λ) − b.
Intuitively, the penalty term induces favorable curvature
profiles of strong convexity onto weakly convex functions
2
. Now, we substitute use of the dual function linearization,
G1 (λ; λk ) = G(λk ) + ∇G(λk )> (λ − λk ),

(23)

into the algorithm (21). The resulting accelerated variation
of the method of multipliers (AMM) is summarized in
Algorithm 1. Observe that we have G(λk ) = L(x(λk ), λk )
and ∇G(λk ) = Ax(λk ) − b. Therefore, for evaluating
the dual function and its gradient at λk in (23), an exact
minimization x(λk ) ∈ arg minx Lρ (x, λk ) is required. We
now establish the convergence of dual accelerated methods
at Nesterov’s optimal O(1/k 2 ) without strong convexity.
Theorem 2 For the optimization problem (2) and the corresponding augmented Lagrangian (22), consider the algorithm (21) with p = 2, the linearized dual function G1 (λ; λk )
defined in (23), and constants L1 = ρ−1 , N > 1, and
C ≤ 1/(8N ), as presented in Algorithm 1. Then, the primal
sequence {yk } and the dual sequence {νk } satisfy
ρ
kAyk+1 − bk22 ≤ p? − G(νk ) ≤ O(1/(ρk 2 )).
(24)
2
2

The result of Theorem 2 establishes a O(1/k ) rate for
accelerated dual ascent when the primal objective is weakly
2 Notice, however, that the augmented Lagrangian is not strongly convex
despite adding the quadratic term.

convex and the constraints are linear. In the next subsection,
we consider further accelerating this scheme through the
use of second-order information of the dual function, which
corresponds to the case p = 3.
B. p = 3: Accelerated Dual Newton Method
Next we turn to developing a dual variant of the cubic regularized Newton method [30]. This development corresponds
to specializing the dual higher-order gradient scheme (21) to
the case that p = 3. To do so, we require the dual function to
be twice continuously differentiable with Lipschitz Hessian,
which may be guaranteed by Assumption 1 as well as the
following condition.
Assumption 2 (Lipschitz Hessian) The objective function
f (x) is twice continuously differentiable with Lipschitz continuous Hessian ∇2 f (x), i.e.,
k∇2 f (x) − ∇2 f (y)k2 ≤ Cf kx − yk.

(25)

n

For some 0 ≤ Cf < ∞ and all x, y ∈ R .
Assumption 1 together with Assumption 2 allow us to establish that the dual function satisfies the requisite smoothness
properties necessary to derive an accelerated dual Newton
method, as we state next.
Lemma 4 Under Assumptions 1 and 2, the dual function
G(λ) is twice-continuously differentiable with its Hessian
∇2 G(λ) = −A∇2 f (x(λ))−1 A> satisfying
Cf
k∇2G(λ)−∇2G(ν)k2 ≤ 3 kAk32 kλ−νk2 .
(26)
mf

for all λ, ν ∈ Rm .
We now turn to the algorithm (21) where the first and
second-order derivatives of the dual function are used. Define
the second-order Taylor expansion of the dual function as
G2 (λ; λk ) = G(λk ) + ∇G(λk )> (λ − λk )
1
+ (λ − λk )> ∇2 G(λk )(λ − λk ), (27)
2
Observe that we have G(λk ) = L(x(λk ), λk ), ∇G(λk ) =
Ax(λk ) − b, and ∇2 G(λk ) = −A[∇2 f (x(λk ))]−1 A> .
Hence, we need to incorporate the exact minimization step
x(λk ) ∈ arg minx L(x, λk ) into the updates. The resulting
iterative scheme is summarized in Algorithm 2. With Lemma
4 established, and the technical setting clarified, we present
our main result for accelerated second-order dual methods.
Theorem 3 For the optimization problem (2) and the corresponding Lagrangian (3), consider the algorithm (21)
with p = 3, the quadratic approximation of the dual
function G2 (λ; λk ) defined in (27),
√ and constants L2 =
Cf kAk32 /m3f , N > 1, and C ≤ N 2 − 1/(108N 2 ). Then,
under Assumption 1 and Assumption 2, the primal sequence
{yk } and the dual sequence {νk } generated by Algorithm 2
satisfy
mf
kAyk+1 − bk22 ≤ p? − G(νk ) ≤ O(1/k 3 ). (28)
2kAk22
In Theorem 3 we establish that a second-order accelerated
dual approach to solving (1) yields the sequence which
converges to a dual optimal point (5), and hence, by strong
duality we converge to a saddle point of the Lagrangian
(3). The rate at which we find the primal-dual optimal pair
is O(1/k 3 ), which is state of the art relative to existing
dual approaches to optimization with linear constraints. This
result requires strong convexity of the primal objective
(Assumption 1) and Lipschitz continuity of its Hessian (Assumption 2). In the next section we illustrate that favorable
convergence properties of (18) in continuous time translate
into practice.
V. N UMERICAL E VALUATION
We consider the following synthetic optimization problem
1 >
x P x + µ exp(1>
(29)
n x) s.t. Ax = b,
x∈R
2
The above problem is convex with a twice-differentiable
strongly convex objective when µ ≥ 0 and P  0. For
the problem data, we have µ = 0.01, n = 100, m = 50,
P = QQ> where elements of Q ∈ Rn are independently
drawn from standard normal distribution. The elements of
A ∈ Rm×n are also drawn from standard normal distribution.
Finally, b = Az ∈ R(A) where z ∈ Rn is an instance
of standard normal distribution. For our problem data, the
condition number of P is 4.8902 × 104 . We then consider
different selection of the scaling parameters, namely: exponential regime where βt = t, eαt = t (which corresponds
to O(e−t ) convergence rate), and polynomial regime where
p? = minn

Fig. 1: The continuous-time accelerated dual ascent ODE (18)
applied to (29) for various realizations of the scaling parameters
[cf. Subsection III-D]. (Top) Evolution of dual sub-optimality gap
p? − G(λt ) against t in log-linear scale. (Bottom) Evolution of
kAxt − bk2 against t in log-linear scale [cf. (19)]. By increasing p,
faster convergence rates are attained at the expense of more frequent
sampling by the solver for a stable path generation.

eβt = tp , eαt = p/t, p = 2, 3, 4 (which corresponds to
O(1/tp ) convergence rate). We then solve a modified version
of (18):
−αt
˙
∇ψ(λ
λ̇t ) = eαt +βt (Axt − b),
t+e
2

−1

ẋt = −[∇ f (xt )]

>

(30a)
>

(∇f (xt ) + A λt + A λ̇t ).

(30b)

The initial conditions are λ0 = λ̇0 = 0, and x0 =
argminx∈Rn L(x, λ0 ), and the Bregman distance function
ψ is chosen to be the Euclidean norm. Comparing to
(18), the above ODE includes an additional correction term
∇x L(xt , λt ) = ∇f (xt )+A> λt which corrects the trajectory
and maintains the dual feasibility condition ∇x L(xt , λt ) =
0 in presence of numerical errors [32]. We simulate the
corresponding ODEs over the time interval t ∈ [10−1 , 10].
Note that the method must start at t > 0 due to the presence
of the asymptote at the origin t = 0 in (20). We numerically
integrate these dynamics using MATLAB ODE23 solver.
The results are depicted in Figure 1. We plot the dual suboptimality p? − G(λt ) over t for various selection of the
scaling parameters. We also plot kAxt − bk2 as a barometer
for attaining primal feasibility, which we clearly observe.
Notice that convergence improves with increased p. Also,
exponential convergence is attained by selecting the scaling
parameters accordingly.

VI. C ONCLUSION
We develop a family of accelerated methods, inspired
by [24], that solves linearly-constrained convex optimization
problems through their dual reformulation. Specifically, we
derive a family of continuous-time dynamical systems that
yields exponentially convergent trajectories to the saddle
point of the problem when the objective function is twice
continuously differentiable and strongly convex. Next we use
an accelerated higher-order gradient method proposed in [24]
to develop the discrete-time counterparts of this family. We
specialize the algorithm to accelerated method of multipliers
and accelerated dual Newton method with convergence rates
of O(1/k 2 ) and O(1/k 3 ), respectively. The latter algorithm
requires twice differentiability and strong convexity but the
former is realizable under the less restrictive assumption of
weak convexity and non-differentiability. The discrete-time
algorithm assumes the Lagrangian (inner) minimization is
performed exactly at each iteration, which translates into
the exact dual gradient (or dual Hessian) information to
be available. However, accelerated dual methods have been
shown to necessarily suffer from inexact information [33].
Studying the convergence of the developed schemes with
Lagrangian inexact minimization is the subject of future
research.
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